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a Institute of Chemical Process Fundamentals, Academy of Sciences of the Czech Republic, Rozvojova 135, 165 02 Prague, Czech Republic
b Prague Institute of Chemical Technology, Technická 5, 166 28 Praha 6, Czech Republic
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Abstract

The measurement of residence time distribution of solid particles in solid–liquid suspension is experimentally difficult. However, thetwin system
approach is particularly suited for the assessment of particle RTD in flow systems as it allows overcoming some of the usual difficulties generally
encountered in this kind of measurement. Twin system consists of two vessels and external piping in total recycle. Experimental results from this
system can be evaluated using Z-transforms to derive particle RTD for subsequent testing of alternative flow models. Recently, the axial dispersion
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odel was applied using the “advection diffusion equation” (sometimes called the “diffusion with bulk flow equation”) derived thereof, w
olved numerically. This contribution presents an analytical solution of analogous equations, which enables direct and precise evaluas
roblem.
2005 Elsevier B.V. All rights reserved.
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. Introduction

Operations in which an important role is played by flow of
olid suspensions in a liquid phase, often appear in industrial
pplications. Because the velocity of solid particles is generally
ifferent from the liquid velocity, the RTD of the former is bound

o differ from that of the latter. As a consequence, it is important,
.g. in the case of chemical reactors, to separately measure the
esidence time distribution of solid particles in the apparatus,
hich is often vital for accurate conversion calculations[1]. An
asy to measure quantity in a real vessel is the mean particle
esidence time, which, on the basis of the relevant theorem, is
iven by the following relation:

id = V

Q
, (1)

hereV is the volume of particles held-up in the vessel andQ
s the volumetric flow rate of solid particles. Unfortunately, this
uantity cannot provide information on important real flow fea-

tures such as by-passing, short-circuit, etc. These can be
only by suitable experimentation, but this turns out to be m
more complex than for liquid phases.

One of the methods to achieve such measurements is thtwin
system approach, which was suggested by Brucato and Riz
[2] and is described, together with the results obtained the
in several other publications[3–5]. The twin system consists
two identical stirred reactors connected by external piping fi
with a pump and a detector of traced particles concentration
subject of interest is obtaining the mentioned characteristi
residence time in stirred reactors.

At the beginning, the two systems are filled with kno
and equal amounts of both traced and untraced phase an
operated in a “self recycle configuration” (SRC) as depicte
Fig. 1a) with flow rates, agitation speeds and any other o
ational variable identical for the two systems. The detect
placed approximately in the middle, between the stirred ves
After homogenization is achieved, the two halves are conn
at the middle, such that both reactors are now integrated in
and the whole system operates in total recycle. The adva
of this arrangement is the reality that to evaluate the differe
∗ Corresponding author. Tel.: +420 220390368; fax: +420 220920661.
E-mail address: cermakovaj@icpf.cas.cz (J.Čerḿakov́a).

distribution function, tracer concentration measurement at one
point of the system only is required, as arises from Eq.(2) of
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Nomenclature

a dispersion number, reciprocal Peclet number
b reciprocal mean residence time, dispersion model

parameter (s−1)
c concentration (kg m−3)
c1 dimension concentration constant (kg m−3)
C dimensionless concentration
Da axial dispersion coefficient (m2 s−1)
E(t) differential distribution function (s−1)
f0(y) dimensionless initial distribution of concentration
L length of the system (m)
N agitator speed (min−1)
Q volumetric flow rate (m3 s−1)
t time (s)
tid theoretical mean residence time (s)
T mean residence time (s)
v mean velocity of the solid particles (m s−1)
V volume (m3)
x spatial co-ordinate (m)
y dimensionless spatial co-ordinate (m)

Greek letters
αn nth root of transcendent Eq.(12)
ϕ0(τ) dimensionless input function, stimulus
σ2 variance (s2)

Subscripts
e refers to external pipes
i general index
m refers to a mixer
n refers tonth root of Eq.(15)
p refers to sum of two mixers and external pipes
w refers to all system

contribution[5]:

c(t) =
∫ t

0
[1 − c(t − t′)]Ew(t′) dt′ (2)

In this integral equation, symbolc(t) denotes measured, nor-
malized tracer concentration andEw(t) is the sought after dif-
ferential distribution function of particle residence time in one
half.

Fig. 1. Scheme of twin system approach: (a) self recycle configuration (SRC
and (b) cross mixed configuration (CRC).

A possible shortcoming of this arrangement with respect to
evaluation is the fact that, due to technical reasons, the volume of
external piping cannot be minimized up to becoming negligible
with respect to the volume of stirred vessels. In order to exclude
the external piping effect, the standard experiment was car-
ried out, in which the reactors were exceptionally bypassed and
the experiment reproduced with adequate amount of particles.
From the evaluation of such modified experiment, the unknown
function is obtained—the differential distribution function of
external pipingEe(t). The desired functionEm(t), i.e. differential
distribution function of particle residence time in stirred vessel is
found by using another integral equation (convolution integral):

Ew(t) =
∫ t

0
Em(t′)Ee(t − t′) dt′ (3)

The solution of Eqs.(2) and(3) was evaluated using the dis-
crete Z-transform, which leads to simple numerical procedure
[3–5], which is however, somewhat imprecise, just like any other
deconvolution procedure (e.g., see[1]).

The recorded response of twin system was evaluated on the
basis of combined model concepts. The twin system, i.e. exter-
nal piping and vessel was considered as a combination of piston
flow and cascade of ideal mixers (tank in series fractional tubu-
larity model) [6], a combination of two ideal mixers cascades
[6] and tanks in series with backflow[5]. Recently, the efforts
a model
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re underway to describe the response by axial dispersion
7], i.e. numerical solution of the “advection diffusion equati
see below Eq.(4)).

In this contribution, we also apply this equation, with
ifference being that we present its analytical solution (see

8,9]) for the initial and boundary conditions relevant to
ituation in the system.

It is assumed that the obtained shape of the function ap
o the mixers, to the external piping as well as for the w
ystem, differing only in the values of the two parameters,v and
a in Eq. (4) or parameters derived thereof. These values
btained by non-linear regression method, where differe
etween experimental and theoretical responses are minim

n this way, use of the Z-transform and numerical solution
he partial differential equation, which may be a source of e
s thus avoided.

. Theoretical

The twin system scheme is reported inFig. 1. The situation
efore the start of the experiment is called theself recycle con-
guration (SRC;Fig. 1a). Branded particles – traced particle
re placed in the left half of the twin system. The concentra

s measured at point M. At timet < 0, it is equal to zero.L1 is
alf a length of the external piping andL2 is the height of th
ixer. During experiment the whole system is connectedcross
ixed configuration (CMC; Fig. 1b).
We assumed that the system can be described by the follo

quation:

∂c

∂t
+ v

∂c

∂x
− Da

∂2c

∂x2 = 0 (4)
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wherex denotes the spatial co-ordinate,v the mean velocity of
particle,Da the effective axial dispersion coefficient andc is the
tracer concentration.

Danckwerts boundary conditions are assumed for Eq.(4):

vc − Da
∂c

∂x

∣∣∣∣
x=0+

= vc1ϕ0(t)|x=0− (5)

∂c

∂x
= 0|x=L (6)

and the initial condition as follows:

c(x, 0) = c1f0(x) (7)

where constantc1 has the dimensions of concentration and thus
f0(x), which determines initial distribution of particles in system
andϕ0(t), which determines time dependence of concentration
change on the beginning of system, are dimensionless. The
dimensionless concentration and longitudinal co-ordinate are
defined:

C = c

c1
; y = x

Li

(8)

It will be assumed, further on, that the system of Eq.(4)–(8) is
valid for parts of the system as well as for the whole system and
t
L

L

w e
m ters
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Ci(y, t) = 2 ey/(2ai)
∞∑

n=1

ai

hni + 1
P(y, αni)Q(bit, αni)

×
[∫ 1

0
f0(y′) e−y′/(2ai)P(y′, αni) dy′

+ αni

∫ bit

0

ϕ0(τ)

Q(τ, αni)
dτ

]
[i = e, m, w] (13)

where:

P(y, αni) = αni cos(αniy) +
(

1

2ai

)
sin(αniy)

Q(bit, αni) = exp(−hnibit)

hni = 4a2
i α

2
ni + 1

4ai




[i = e, m, w] (14)

andαn are the positive roots of the transcendental equation:

tan(αni) = 4aiαni

4a2
i α

2
ni − 1

[i = e, m, w] (15)

The differential distribution function of particles both for
the whole system and also for parts of it [i = e, m, w] can be
e e
d f the
r ion
t
i

E

w on-
s t
e

P

.
(

E

term
q

t pos-
s
i the
s he
s

pect
t d
hat for external pipingLe, for mixer Lm and for whole system
w:

e = 2L1, Lm = L2, Lw = 2(L1 + L2) = Le + 2Lm

(9)

hereLe is total length of external piping,Lm the height of on
ixer andLw is the length of whole system. Other parame

i andai are introduced into Eq.(4):

i = vi

Li

= 1

Tti

[i = e, m, w] (10)

i = Dai

viLi

= 1

Pei

[i = e, m, w] (11)

herebi is reciprocal value of mean residence time in the ap
riate part of the system andai is the reciprocal value of Pec
umber.

Eq.(4) can therefore be rewritten as:

∂C

bi∂t
+ ∂C

∂y
− ai

∂2C

∂y2 = 0 [C = C(y, t),

< y < 1, 0 < t] (12)

The boundary conditions(5), (6), and initial condition(7)
re transformed in a similar way. Fourier’s method of solu

s used, where the unknown function of two variables is su
uted by a product of two functions (each a function of only
o-ordinate)C(y, t) = P(y)Q(t). The general solution in dime
ionless form is presented by Kudrna et al.[11]:
asy derived from the general Eq.(13). Time dependence of th
imensionless concentration of particles at the end point o
elevant system part (y = 1) must be recorded with assumpt
hat all particles are present at the point of input (y = 0) at the
nitial time:

i(t) = Ci(1, t)bi [f0(y) = 0; ϕ0(t) = δ(bit)] (16)

hereδ represents the Dirac impulse. It was specially dem
trated (see paper[10,11]or more detailed in[12]) that the firs
quation of Eq.(14)can be simplified to:

(1, αni) = (−1)n−1αni (17)

After substitution off0(y), ϕ0(t), which are defined in Eq
16), into the Eq.(13)and rearrangement we obtain:

i(t) ≡ Ei(t, ai, bi) =
∞∑

n=1

(−1)n−12ai e1/(2ai)α2
ni

1 + hni

e−hnibitbi

=
∞∑

n=1

qni e−hnibitbi [i = e, m, w] (18)

The last equation can be considered as definition of the
ni, which was introduced for brevity’s sake.

However, the arrangement under study does not make i
ible to determine directly the functionEi(t), thus, the system
s in total recycle, one half is filled by traced particles and
econd half is not (seeFig. 2) at the beginning. The end of t
ystem (y = 1) is considered as point M (as it is shown inFig. 2).

The initial and boundary conditions are defined with res
oFig. 2. The functionsf0(y), ϕ0(τ) from Eq.(19)are substitute
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Fig. 2. Dispersion model conception of twin system approach.

into the Eq.(13):

f0(y) =




1

[
0 ≤ y ≤ 1

2

]

0

[
1

2
≤ y ≤ 1

] (19)

ϕ0(t) = Ci(1, t) ≡ C1i(t) (20)

The first integral in Eq.(13) is readily solved when Eq.(15)
is utilized:∫ 1/2

0
e−y′/(2ai)P(y′, αni) dy′

= αni

hni

(
1 − exp(1/(4ai))

2 cos(αni/2)

)
= αnigni

hni

[i = e, w] (21)

Eq.(21) is simultaneously the definition of the termgni.
After substitution of these relations into Eq.(13)and concur-

rently the sequence replacement of summation and integratio
we obtain the final relation for the calculation of total recycle
response:

C1i(t) =
∫ t

0
C1i(t

′)
∞∑

n=1

qni e−hnibi(t−t′)bi dt′

∞∑ gni
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O on o
m l
p
v e
w
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t
t the
s

E

Values of mixer parameters can then be optimized by compar-
ison of the differential distribution function of the whole system
(i = w) from Eq.(18)and the calculated differential distribution
function of the whole system from Eq.(23). The resulting differ-
ential distribution function of mixer is calculated from optimized
parametersam andbm by Eq.(18).

3. Experimental

The twin system is used to obtain solid residence time distri-
bution in a two phase stirred reactor. The twin system approach
(TSA) technique, formerly introduced by Brucato and Rizzuti
[2] may be regarded as a convenient alternative to the conven-
tional pulse and step disturbance techniques. It is particularly
suited for the assessment of particle RTD in flow systems, as
it allows overcoming some of the experimental difficulties (e.g.
instability of flow). As a matter of fact, the TSA technique has
already been successfully applied to the case of particle RTD in
a single-impeller stirred vessel[3] and in the system here inves-
tigated[5,7]. In plant practice (i.e. industrial operations), the use
of radioactive tracer technique has been well established[1].

Experimental set up is shown in theFig. 1. The system inves-
tigated was already described in ref.[5] and it consisted of a
cylindrical stirred vessel, 100 mm in diameter, 300 mm in height,
provided with four standard removable baffles and stirred by
three equally spaced Rushton turbines of 50 mm diameter. The
fi er
t e
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b ves-
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r
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v
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n
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1 es)
e min.
O ation
+
n=1

qni
hni

e−hnibit [i = e, w] (22)

Eq. (22) is an integral equation of the Volterra type, wh
or given values of parametersai, bi makes it possible to calc
ate theoretical values of concentration at the point of detec
ptimal values of parameters can be found by comparis
easured and calculated responses from Eq.(22) for externa
iping and the whole system (see Eq.(24)). Obtained optimum
alues ofai andbi for the external piping (i = e) as well as for th
hole system (i = w) are substituted into Eq.(18)and we directly
ompute the differential distribution function of residence t
f particles for this arrangement. To extract the differential

ribution function of mixer from system the relation(23), similar
o Eq.(3) is used. Owing to the existence of two mixers in
ystem the convolution ought to be undertaken twice, i.e.:

con
w (t, aw, bw)

=
∫ t

0
Em(t − t′)

[∫ t′

0
Em(t′ − t′′)Ee(t

′′) dt′′
]

dt′ (23)
n

.
f

rst impeller was placed atT/2 from the bottom, while the oth
wo were spaced at a distance equal toT from each other. Th
essel bottom had a semi-spherical shape, with the slurry
laced in the middle, in order to help preventing particle fi
uild-up. The slurry inlet was through a hole located at the
el top cover. The measured volume of the vessel was 23603.
he volume involved in the portion of apparatus external

espect to the investigated vessel was 630 cm3 for each of the
win system vessels, thus accounting for about 21% of the
olume.

Experimental arrangement, method of detection and re
ration of particles is well described in papers[2–7]. The exper

mental apparatus involved two identical stirred vessels,
agnetic flow-meters, two centrifugal pumps, a speed contr
C motor that drove both stirrer shafts through suitable belt
ulleys and a continuous on-line detector to measure the t
article fraction connected to a data acquisition system. In

o continuously detect the fraction of traced particles, the i
ensive photo-resistor detector described in[4] was adopted
xternal piping was almost wholly made of transparent P

i.d. = 14 mm), so that it was possible to check that particle d
ition in the external circuitry was avoided. Due to its volu
ize, the external circuitry contribution is certainly significan
he present case. This rules out the possibility of using the p
usly quoted, comprehensively simplified approach and im

he need of properly accounting for the contribution of the e
al tubing during data analysis.

Different agitation speeds (400, 600, 800, 1000
400 rpm) were explored while the total (liquid + particl
xternal volumetric flow rate was always maintained at 6 l/
ne experiment with removed baffles was made at agit
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speed 600 rpm. Tap water at room temperature was used as the
liquid phase for all experimental runs.

Accurately sieved silica particles (0.180–0.212 mm) were
used as the solid phase in all runs. The mass of solid particles
introduced in each twin vessel was always 0.175 kg.

4. Results and discussion

Traced particle concentrations were measured at equidis-
tant time intervals (�t = 0.5 s) and recalculated according to the
method described in[5,7]. The theoretical responseCcal

1t (t, ai, bi)
was calculated from Eq.(22) by trapezoidal numerical integra-
tion for aptly chosen values of parametersai andbi. The choice of
values for the parameters was made by graphically comparing
the theoretical response to experimental response. Optimized
parameters of the whole system and external piping differen-
tial distribution functions were then calculated with the help of
non-linear regression, where functionS(ai, bi), defined by Eq.
(24) was minimized. The examples of responses are shown in
Figs. 3 and 4. The response of external piping with by-passed
mixers is depicted inFig. 3. The experimental responses of the

Fig. 3. Experimental and calculated response of external piping obtained by
dispersion model;V = 1.26 l,Q = 6 l/min.

F
d
N

ig. 4. Evaluation experiment,V = 2.74 l, QL = 6 l/min: (a and b) experimental and calculated response of external piping and two mixers together obtained by
ispersion model—(a)N = 400 rpm, with baffles, (b)N = 600 rpm, without baffles; (c and d) differential distribution function: external piping, mixer, all system—(c)
= 400 rpm, with baffles, (d)N = 600 rpm, without baffles.
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system with external piping and mixers are highlighted inFig. 4a
and b. In the case ofFig. 4b, the baffles were removed from the
vessels.

S(ai, bi) =
N∑

j=1

(Cexp
1i (tj) − Ccal

1i (tj, ai, bi))
2

[i = e, w] (24)

Infinite summations in Eq.(20) were replaced by finite
summation with 300 terms. We obtained optimal values of
parametersae andbe, in the case of bypassed mixers as well as
aw andbw for the whole system. These values are substituted
in Eq. (23), just as were the aptly chosen values ofam andbm.
Non-linear regression is used again to obtain optimal values of
these parameters, whereS(am, bm) was minimized:

S(am, bm) =
N∑

j=1

(Ew(t, aw, bw) − Econ
w (t, am, bm))2 (25)

The first term on the right hand side is calculated from Eq.(18)
for all system [i = w] using parameters found from Eq.(22). The
second term is calculated by use of a two-fold trapezoid numeri-
cal integration of Eq.(23). The differential distribution functions
of external piping, of the mixer and of the whole system are
shown inFig. 4c and d, whereFig. 4d relates to the situation with-
out baffles. The shape of the differential distribution function
of the mixer without baffles is sharper. The differential distri-
b ller
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w
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σ

Fig. 5. Differential distribution function (m) effect of mixing agitation (H = 3T),
V = 2.74 l,QL = 6 l/min.

And from Eq.(27)we obtain the relations:

Tw = 2Tm + Te ≡ Tp (28)

σ2
w = 2σ2

m + σ2
e ≡ σ2

p (29)

Calculated values of these moments are presented inTable 2.
The third column depicts deviations between them expressed
as percentages. It is evident that when we compared calculated
moments we found that deviations of first moment are up to 2.5%
and deviations of the variance are up to 6%, which are acceptable
from an engineering aspect. It should be duly noted, however,
that values ofTw are always slightly higher and that assumption
of constant values ofaw andbw results in a systematic, albeit
acceptable imprecision. In paper[14], the concentration depen-
dencycw(t) from the twin system approach was approximated
by a relation derived from the Laplace transform and it is shown

Table 1
Values of optimized parameters

N (min−1) ai bi (s−1) Si (s−2) Ti (s) aD = 1/Pe Ti (s)

Evaluation of external piping (i = e)
0.0281 0.06 1.55E−04 16.7

Evaluation of experiment (i = w)
600, without

baffles
0.0222 0.0311 8.00E−07 32.2

V

ution functions of the mixer with baffles at different impe
peeds are compared inFig. 5. The shape of distribution curv
pproaches the differential distribution curves of an ideal m
ith increasing impeller speed.
The values of parametersai andbi are presented inTable 1,

ith corresponding experimental conditions, as well as the
f the squared differences between experimental and calc
esponseSD and the mean residence timeTi. The mean residen
ime is the reciprocal value of parameterbi. Values of the singl
arametric numerical dispersion model from paper[7] are also

n Table 1. The values herein and from paper[7] are similar, bu
ot identical because of the differences between the doubl
ingle parametric models. The mean residence timeTi is closer
or high impeller speeds.

The disadvantage of the model designed lies in the fact
hile postulating the validity of Eq.(3) for the whole system a
ell as for individual parts of system, we assume in each
constant Peclet number. The discrepancy in such an ass

ies in the fact that assuming a unique Peclet number in e
f the mixer or the connector systems eliminates the exis
f a unified Peclet number for the whole system. We estim

herefore, the errors of the assumption of a constant Peclet
er or mean RTD for the whole system. This was made o
asis of the Laplace transformation.

It can be readily shown (proof in[13]) that for the first two
oments of the distribution we obtain:

i = 1

bi

[i = e, m, w] (26)

2
i = 2ai − 2a2

i (1 − e−1/ai )

b2
i

[i = e, m, w] (27)
,
-

400 0.0367 0.0264 1.60E−04 37.8
600 0.0458 0.0273 1.20E−04 36.6
800 0.0600 0.0275 4.10E−03 36.4
1000 0.0720 0.0260 1.55E−02 38.5
1400 0.0750 0.0260 1.46E−02 38.5 Scargiali[7]

alues of the one reactor (i = m)
600, without

baffles
0.1510 0.1280 1.60E−05 7.8

400 0.2840 0.0919 1.50E−04 10.9 0.472 8.5
600 0.4730 0.0968 2.20E−04 10.3
800 1.0100 0.0976 2.40E−04 10.2 1.111 10
1000 1.5200 0.0882 2.10E−04 11.3 1.587 11.1
1400 1.8600 0.0883 2.00E−04 11.3 2.564 11.6
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Table 2
Values of first two moments of residence time distribution

N (min−1) Tw (s) Tp (s) �T (%) σ2
w (s2) σ2

p (s2) �σ2 (%)

600, without
baffles

32.29 32.15 0.427 1089.18 1078.79 0.963

400 38.43 37.88 1.454 1589.38 1536.25 3.458
600 37.33 36.63 1.905 1526.43 1459.04 4.619
800 37.16 36.36 2.186 1550.78 1471.47 5.390
1000 39.34 38.46 2.290 1771.83 1676.97 5.657
1400 39.32 38.46 2.223 1777.04 1684.54 5.491

that we can do without the necessity of numerical approxima-
tion of convolution integrals. These calculations, however, have
a high demand for computational precision.

5. Conclusions

The twin system is used to obtain solid residence time distri-
bution in a two-phase stirred reactor. The dispersion model can
be used for interpretation of residence time distribution curves of
liquid or solid in continuous stirred vessels. The evaluation can
be carried out as is described in paper[7] or by using Fourier’s
method of solution of dispersion model, which enables descrip-
tion of the twin system approach with the help of initial and
boundary conditions. The dispersion model fits experimental
response curves in both cases quite well.

The main difference between the procedure suggested in th
contribution and the procedure presented in[7] lies in the fact
that in the latter the “advection diffusion equation” used to delin-
eate the axial dispersion model describing the system, is solve
numerically by separate time stepping integration.

In this contribution, an analogous model is postulated by def-
inition and only values of its two parameters are fitted, i.e. mean
velocity of the particles (or mean residence time) and the disper
sion coefficient (or Peclet number). This procedure is generally
more accurate in the case of an aptly selected model.

The distribution curves with increasing impeller speed exhibit
b are
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